The goals of this paper are (i) 
Introduction and Motivation
Constitutive models for arterial walls are required in order to clarify the complex interaction between mechanical and biological processes in healthy and diseased conditions. In particular, we require a constitutive formulation to be capable of reflecting the actual experimental data over a wide range of deformations as accurately as possible and to be consistent with both mechanical and mathematical requirements, particularly in relation to stability. It should also be fully 3-D, applicable for arbitrary geometries and suitable for implementation in a finite element program in order to solve complex initial boundary-value problems. Additionally, the constitutive formulation should ideally be relatively simple and involve only a few material parameters, which may allow for an ''explanation'' of the material response of a tissue in terms of its structure.
Numerous formulations of constitutive models for arteries have been proposed in the literature and overviews are provided by Humphrey ͓1,2͔ and Holzapfel et al. ͓3͔ . For evaluation of several of the most commonly used arterial wall models we refer to, for example, Humphrey ͓4͔, Holzapfel et al. ͓3͔ and Horgan and Saccomandi ͓5͔. Arterial walls are heterogeneous composite structures. Healthy arteries are composed of three clearly defined layers, the intima ͑the innermost layer͒, the media ͑the middle layer͒ and the adventitia ͑the outer layer͒, each with layer-specific histological features ͑see Rhodin ͓6͔͒. The mechanical responses of the layers exhibit significant differences ͑see, for example, Xie et al. ͓7͔ and other references therein͒. This is also true for diseased arteries, as shown in ͓8͔, although in this case layer identification is not straightforward and requires imaging techniques. Therefore, a complete 3-D stress-strain quantification requires separate properties for each of the layers. In this paper we discuss a fully 3-D material description of healthy arteries in the passive state of the smooth muscles, as originally proposed by Holzapfel et al. ͓3, 9͔ . This has the special features that it is based partly on histological information and the mechanical response of each arterial layer may be modelled separately. The model is suitable for predicting the highly nonlinear and anisotropic response of arteries considered as composites reinforced by two families of collagen fibres.
We consider here the response only of elastic arteries and for this purpose we use the theory of nonlinear elasticity.
One objective of the paper is to elaborate on the constitutive model proposed in ͓3,9͔. In particular, we re-examine this constitutive law and show how the mechanical response of a rabbit carotid artery under inflation and extension predicted by the model compares with that for a 3-D exponential form of a strainenergy function proposed by Chuong and Fung ͓10͔, which is based on the experiments described in the frequently cited work by Fung et al. ͓11͔ . Another objective is to provide a new set of material parameters for the multi-layer structural model that captures the mechanical response of rabbit carotid arteries and can be used in a finite element program. A final objective is to initiate a discussion on criteria for local material stability of arterial tissue. This is important because questions of stability strongly influence the efficacy of the model when used in numerical computations. In particular, failure of material stability can lead to unphysical singular behavior. The associated issue of strong ellipticity is crucial in avoiding certain types of nonphysical singularity a priori and, therefore, in avoiding problems which could otherwise occur within a numerical framework. In the final discussion we point out the merits of the present multi-layer model, which is applicable for arbitrary geometries and general 3-D states of deformation incorporating also shear deformation, in comparison with the classical exponential model proposed by Fung and co-workers ͓11,10͔.
constant volume within the physiological range of deformation ͑see Carew et al. ͓13͔͒ . This is characterized by the incompressibility constraint ͑see, for example, ͓14,15͔͒ Jϭ1, where J ϭdet Fϭ(det C) 1/2 is the local volume ratio, CϭF T F denotes the right Cauchy-Green tensor and F denotes the deformation gradient. We denote by ⌿ the strain-energy function for an isothermal hyperelastic process relative to the reference configuration ͑per unit volume͒. By incorporating the incompressibility constraint through a Lagrange multiplier p we then have ⌿ϭ⌿͑C,M,MЈ͒Ϫp͑JϪ1 ͒,
where ⌿͑C,M,MЈ͒ is defined for Jϭ1 and describes the constitutive response of an incompressible elastic material. Note that the scalar multiplier p introduced in ͑1͒ can be identified as an indeterminate hydrostatic pressure arising as a reaction to the incompressibility constraint. The ͑3-D͒ statistical distribution of collagen fiber directions can be characterized by two symmetrically arranged families of collagenous fibres whose mean directions are represented by the unit vectors M and MЈ, and it is these directions that render the material properties anisotropic. They specify the preferred directions in the reference configuration of the material and serve as an essential set of input data for both the material and numerical models. In order for ⌿ to satisfy the usual objectivity requirement, it must be an isotropic invariant of C, MM and MЈMЈ, ͓12,15͔. Hence, it may be expressed as a function of seven deformationdependent invariants I 1 , I 2 , I 4 , . . . ,I 8 ͑see ͓3͔ for an application͒. Since we are considering an incompressible material the invariant I 3 ϭdet Cϵ1 is omitted. The symbol denotes the dyadic product defined in index notation by (A B) i j ϭA i B j .
Experimental data on fiber-reinforced materials under large deformations are not, in general, able to discriminate adequately between different anisotropic invariants. Indeed, it has been shown recently by Criscione et al. ͓16͔ that if all the invariants are included in ⌿ then it is not possible to determine the response functions from experimental data. For this reason and because of the lack of sufficient data, we omit the invariants I 2 , I 5 , I 7 , I 8 , and consider ⌿ to depend only on I 1 , I 4 , I 6 ͓͑3͔, for example͒. Thus, we write
where I 1 ϭtr C is the first invariant of C, and I 4 ϭC:M M, I 6 ϭC:MЈ yM Ј ͓12͔, the latter two being identified as the squares of the stretches in the directions of the associated families of collagen fibers. The symbol : denotes the double contraction defined in index notation by A:BϭA i j B i j and tr͑•͒ denotes the trace of a second-order tensor ͑•͒.
Stress Tensors.
The aim of this section is to derive the anisotropic elastic stress response appropriate for the description of arterial walls at finite strains in Lagrangian, mixed and Eulerian forms. For this purpose we employ the notation introduced in ͓15,17͔.
From the strain-energy function ⌿ it is straightforward to derive the associated stress response for the second Piola-Kirchhoff stress tensor S. This requires the derivatives of I 1 , I 4 , I 6 with respect to C. Then, we find from ͑2͒ the stress relations
in which we have used the definitions
of the stress constitutive functions a , aϭ1, 4, 6, which depend on the choice of ⌿, and the symmetric second-order tensors D a ϭ‫ץ‬I a /‫ץ‬C, i.e. 
where the vectors mϭFM and mЈϭFMЈ are push-forward operations on M and MЈ to the current configuration, i.e., they define the deformed fibre directions. Hence, I 4 ϭm"m and I 6 ϭmЈ•mЈ. Consequently, the Cauchy stress tensor ϭFP results from Eq. ͑6͒ in the form
where d a ϭFD a F T define the Eulerian kinematic variables
where BϭFF T denotes the left Cauchy-Green tensor.
2.3
The Considered Constitutive Models. In this section, we review briefly some forms of Fung's strain-energy function, which are used extensively in arterial wall mechanics, and the multi-layer model introduced in ͓3͔.
Fung-Type Models. The most general strain-energy function of Fung-type suitable for arbitrary ͑3-D͒ states of deformations has the form
where cϾ0 is a stress-like material parameter and Q is given by ͓1͔
Here b a , aϭ1, . . . ,9, are dimensionless material parameters and E AB , for A, BϭR, ⌰, Z, are the components of the GreenLagrange strain tensor Eϭ͑CϪI͒/2 referred to cylindrical polar coordinates (R,⌰,Z) in the reference configuration. Many special cases of ͑10͒ are known in the literature. For example, if the only shear deformations considered involve E ⌰Z corresponding to shear planes zϭconstant then E RZ and E R⌰ are zero ͑see Deng et al. ͓18͔͒. The case for which all the shear strains in the artery are zero was considered by Chuong and Fung ͓10͔. It assumes that the principal directions of the stress tensor coincide with the radial, circumferential and axial directions of the artery. The Fung-type strain-energy function used most extensively for arteries appears to be the 2-D version proposed earlier by Fung et al. ͓11͔ in which the only nonvanishing terms are those in b 1 , b 2 , and b 4 . It was utilized successfully also by von Maltzahn et al. ͓19͔, and Kang et al. ͓20͔ for their layer-specific studies. Several modifications of these functions have been published subsequently, one example being the combined polynomialexponential form of strain energy incorporating shear deformations ͑see Kas'yanov and Rachev ͓21͔͒.
A Multi-Layer Model. The arterial wall is considered as a heterogeneous composite structure with layer-specific histological features. The model is structural in the sense that it takes account partly of the architecture of the wall, i.e., each individual layer is treated as a fiber-reinforced material with the fibers corresponding to the collagenous component of the tissue, and information about the orientations of the collagen fibers, which render the material orthotropic, is incorporated. Following ͓22͔, we suggest an additive split of ⌿ into a part ⌿ iso associated with isotropy and a part ⌿ aniso associated with anisotropy. Thus, we assume the strain energy to have the form
At low pressures the energy contribution of the ͑wavy͒ collagen fibers within arterial walls is assumed to be negligible, and the mechanical response is largely due to the non-collagenous matrix material, which we assume to be isotropic and modelled by ⌿ iso . At higher pressures the collagenous fibers are recruited and provide the main contribution to the resistance to loading ͓23͔. This response is modelled by the anisotropic function ⌿ aniso . When this is specialized to the representation considered in ͑2͒ equation ͑11͒ takes the form ⌿͑I 1 ,I 4 ,I 6 ͒ϭ⌿ iso ͑ I 1 ͒ϩ⌿ aniso ͑ I 4 ,I 6 ͒.
We now particularize the two parts ⌿ iso and ⌿ aniso of the strainenergy function. Experimental results on arterial walls under physiological loading conditions reveal nonlinear stress-strain response with higher extensibility in the low pressure range and progressively lower extensibility with increasing pressure ͓2͔. For simplicity, we employ the neo-Hookean material for ⌿ iso (I 1 ) to model the isotropic matrix material, and for ⌿ aniso (I 4 ,I 6 ) we use an exponential function to model the highly nonlinear mechanical response of the embedded families of collagen fibers. In particular, we consider the responses of the two families of fibres to be decoupled. Thus, ͓3,24,25͔,
where and k 1 are material parameters with the dimension of stress, and k 2 is a dimensionless material parameter. For this model to predict physically reasonable response, these parameters must be positive. For discussion of these restrictions on the material parameters with reference to issues of convexity, we refer to ͓3͔. This issue is closely related to the important question of material stability, which is discussed in Section 4. In view of its wavy structure, it is reasonable to consider that collagen is not able to support compressive stresses. We therefore assume that the fibers support stress only under extension ͓3͔. Consequently, the anisotropic term in ͑12͒ contributes only when the fibres are extended, i.e., when either I 4 Ͼ1 or I 6 Ͼ1 or both. For example, if I 4 р1 and I 6 Ͼ1, then only I 6 contributes to ⌿ aniso .
Noting that in the undeformed configuration I 1 ϭ3 and I 4 ϭI 6 ϭ1, it follows from ͑12͒ and ͑13͒ that ⌿͑3,1,1͒ϭ0, 1 ϭ, 11 ϭ0, and 4 (3,1,1)ϭ0 and 44 ϭk 1 , where the subscripts 1 and 4 denote differentiation with respect to I 1 and I 4 , respectively ͑similarly for the derivatives with respect to I 6 ). Herein, ⌿ a , a ϭ1, 4, 6, are defined in ͑4͒, while a,bϭ1,4,6, (14) denote the elasticity constitutive functions. Hence, the strainenergy vanishes in the undeformed configuration, and, provided the pressure term p in ͑7͒ is such that in the reference configuration pϭ, then so does the stress, while k 1 is a positive elastic constant. These are three fundamental conditions that the strain energy has to satisfy in the absence of residual stresses.
It is important to note that the strain-energy function ⌿ involves only three material constants. Additionally, ⌿ involves the unit vectors M and MЈ describing the fibre structure. However, these vectors are different for each layer. The overall effect of the structure means that the mechanical response of each layer can be assumed to be similar in that it is essentially orthotropic in the character. We may therefore use the same form of strain-energy function ͑12͒, ͑13͒ for each layer but with a different set of material constants and different vectors M and MЈ associated with the structure. The functions ͑13͒ are sufficiently general to capture the basic features of arterial responses observed in experiments. An extensive study of the performance of the model was recently published in ͓3͔ along with discussion of the underlying physical mechanisms.
Comparative Response Predictions of the Energy Functions
We consider the mechanical response of a thick-walled circular cylindrical tube with inner ͑referential͒ diameter D i and ͑referen-tial͒ wall-thickness H exposed to internal pressure p i and axial stretch z . We compare the predicted pressure/diameter and reduced axial force/diameter responses, and the stress distribution through the wall thickness for the Fung strain-energy function and the strain-energy function ͑12͒. An important aspect of this section is to provide a set of material parameters based on experiments on carotid arteries from a rabbit ͓11͔ for our multi-layer structural model. Such parameters are important ingredients in any finiteelement procedures. The process of material parameter identification is discussed in detail. The material parameters for the Fung model are taken from the literature, while the material parameters for the multi-layer structural model are identified from a simple biaxial deformation test on a thin sheet.
Geometry, Loading Conditions and Model Description
We consider an artery as an incompressible thick-walled circular cylindrical tube subject to internal pressure p i and axial extension z such that the circular cylindrical shape is maintained. We start our investigation by considering a one-layer representation of the artery which responds according to the strain-energy function ͑9͒ and ͑10͒ proposed by Fung and co-workers. Since the type of loading considered leads to a state of deformation where the principal axes of E coincide with the cylindrical coordinate system introduced, all shear components of E vanish. Hence, the material parameters b 7 , b 8 , b 9 need not to be specified for this special deformation, and Eq. ͑10͒ reduces to the form proposed by Chuong and Fung ͓10͔. We refer to this model as Model ͑a͒, as depicted in Fig documented in ͓10͔, were identified by means of this one-layer thick-walled representation of the artery and by use of a nonlinear least-squares algorithm.
This model, however, does not take into account the distinct mechanical responses of the separate layers ͑intima, media and adventitia͒ of a ͑healthy͒ artery. For a healthy and young artery, on which we are focusing in this paper, it is appropriate to restrict attention to a two-layer model incorporating the media and the adventitia since the intima contributes negligible mechanical strength to the arterial wall. For purposes of comparison, we therefore consider a second model which represents the artery as a two-layer structure. For this we employ the proposed strain-energy function ͑12͒, with the specializations ͑13͒, separately for each of the two layers and examine the resulting mechanical response of the composite. We refer to this model as Model ͑b͒, as depicted in Fig. 1 . The intima is disregarded in this work. However, it is not difficult to account for this on a similar basis as for the other layers as the need arises ͑note that for aged human arteries the intima exhibits considerable thickness and mechanical strength; see Schulze-Bauer et al. ͓26͔͒. Model ͑b͒ then incorporates two aspects of the structural information: ͑i͒ the two-layered structure with the middle and outer layers, which are distinguished by different sets of material parameters; and ͑ii͒ the fiber-reinforced structure, which is modelled by means of the strain-energy function ͑12͒.
As far as the geometrical data are concerned we use the values documented in Chuong and Fung ͓10͔ for a carotid artery from a rabbit ͑based on experiment 71 in Fung et al. ͓11͔͒. The wallthickness is Hϭ0.39 (mm) and the inner diameter D i ϭ1.42 (mm), both referring to the unloaded ͑reference͒ geometry. There appear to be no data on the relative thicknesses of the media and adventitia for rabbit carotid arteries in the literature. However, in a recent paper by Schulze-Bauer et al. ͓27͔ such data are given for 10 non-diseased human external iliac arteries of aged subjects. The mean ratio of the adventitia and media plus intima wall thickness is approximately 1:2. In the absence of any more specific data, we take this figure as a guidline and assume for definiteness that the media occupies 2/3 of the arterial wall thickness. Thus, the thickness of the media is H M ϭ0.26 (mm) and of the adventitia H A ϭ0.13 (mm), where the subscripts M and A refer to the media and adventitia, respectively.
The two-layer model uses six non-negative material parameters, i.e., M , k 1M , k 2M for the media M and A , k 1A , k 2A for the adventitia A. The constants M and A are associated with the noncollagenous matrices and characterize the isotropic part of the overall response of the tissue, and the constants k 1M , k 2M and k 1A , k 2A are associated with the anisotropic contribution of collagen to the overall response. Experimental tests indicate that the media is much stiffer than the adventitia ͑see, for example, ͓19,28,7͔͒. In the neighborhood of the reference configuration the mean value of Young's modulus for the media is about an order of magnitude higher than that of the adventitia ͑see the study ͓28͔, which is based on several pig thoracic aortas͒.
Next, we specify the components of the direction vectors M j and M j Ј , where jϭM, A, using a cylindrical polar coordinate system. Although there are small components of the ͑collagenous͒ fiber orientations in the radial direction for some arteries ͑see, for example, Finlay et al. ͓29͔͒, we neglect this feature in the present work. Thus, in matrix notation, we have
where j , jϭM, A, are the angles between the collagen fibers ͑arranged in symmetrical helices͒ and the circumferential direction in the media and adventitia, as indicated in Fig. 1 .
We emphasize that the model of Chuong and Fung ͓10͔ does not consider residual stresses. Since we want to compare the predictions of our model with that described in ͓10͔, then we do not incorporate residual stresses in the present analysis.
Material Parameter Identification.
In order to compare the two models described in the previous sections, it is essential to identify the associated material parameters. For the purposes of identifying material parameters, it is not necessary to include geometrical effects such as diameter and thickness associated with a thick-walled cylinder or residual stresses. We therefore consider a thin ͑flat͒ sheet with small thickness H. We note that although both models are able to accommodate residual stresses, as was done in the analysis of Chuong and Fung ͓30͔ and Holzapfel et al. ͓15͔ , there is insufficient data to allow a reliable material parameter identification in the case of a thick-walled cylinder incorporating residual stresses.
Firstly, we study the case in which the sheet is modelled with Fung's strain-energy function ͑9͒ and ͑10͒, and material parameters cϾ0, b 1 , . . . ,b 6 , given by Chuong and Fung ͓10͔ ͑their Table 1͒ . For a summary of these values see Columns 2-8 of Table 1 in the present paper. These material parameters are based on experiments on the carotid arteries of five normal rabbits published by Fung et al. ͓11͔. The experimental numbers in the first column in Table 1 such as 71, 72 etc. refer to different arteries. The appended extensions :1, :2, and :3 refer to the protocol in which each artery is first stretched longituinally to an approximate in vivo length ( z ϭ1.6 in the case of carotid arteries͒, then inflated with internal pressure. Without these appended extensions the experiment numbers refer to all the experimental data for the considered arteries ͑for details see ͓11͔͒. It is important to note that the material parameters obtained in ͓10͔ are different for each loading protocol for the same material. Ideally, we should compare with data for an artery in which different protocols lead to the same material parameter values. Since such material parameters are not available in this case we have taken those given in Table 1 for purposes of illustration. Henceforth, the ͑one-layer͒ sheet with Fung's model and material parameters taken from ͓10͔ is referred to as Sheet (a).
Secondly, we consider a two-layer sheet with thickness ratio 2/3 in the reference configuration ͑here we take the 2/3 to be occupied by the media and the 1/3 by the adventitia for consistency with Model ͑b͒ introduced in the previous section͒. This sheet is modelled using the proposed strain-energy function ͑12͒ with ͑13͒, where, according to observations described in Section 3.1 that the media is much stiffer than the adventitia, the ratio M / A is set to 10 ͑for further discussion of this point see ͓28,3͔͒. Henceforth, the ͑two-layer͒ sheet with the model ͑12͒ is referred to as Sheet (b) .
We now consider biaxial deformation of Sheet ͑a͒ in which the two in-plane stretches are chosen independently. The third stretch ͑through the sheet thickness͒ is then determined from the incompressibility assumption. The resulting state of biaxial stress is planar. Using Fung's strain-energy function we may then derive explicit expressions for the Cauchy stresses, denoted Sheet ͑a) and zz Sheet ͑a) , as functions of for a series of fixed values of z . These expressions are used to study Sheet ͑b͒, to compute the stresses Sheet ͑b) and zz Sheet ͑b) for given and z , and to determine the material parameters j , k 1 j , k 2 j , jϭM, A, and the fiber angles M , A by means of the standard nonlinear LevenbergMarquardt algorithm. The resulting parameter values are summarized in Columns 9-13 of Table 1. Note that the fibre angles are used here as phenomenological parameters and since we use the material parameters provided in ͓10͔ the values of the fibre angles obtained are dependent on the protocol. For an actual biological tissue, the fiber direction should be independent of the protocol. However, there is not a single fiber direction since the fiber orientations are distributed in a pattern that can be treated as a statistical distribution, dependent on the layer, state of stress, and the topographical region, the mean of which can be identified as the fiber angle. Data on collagen fiber orientations are scarce, although there is some recent work based on microscopy ͓͑29͔, Section 2 in ͓17͔͒, small-angle light scattering ͓͑31͔͒, in addition to a suitable image processing tool ͓͑32͔͒ that makes progress in quantifying their distribution. Anyway, in accordance with preliminary investigations and ͓29͔, for the fitting process we have constrained the collagen fiber orientations in the adventitia to be closer to the axial direction and for the media closer to the circumferential direction, as indicated in column 13 of Table 1 .
The fitting process was based on minimization of the function
where the principal Cauchy stress differences are defined by ⌬ a ϭ a Sheet ͑a) Ϫ a Sheet ͑b) , and similarly for zz, where aϭ1, . . . ,n correspond to the data points. This was performed for nϭ33 data points; in particular, 11 data points were used for each axial stretch, values of which were taken as z ϭ1.0, 1.3, 1.6. The circumferential stretches associated with the data points for a particular z were distributed uniformly within the interval 1.0р р max , where max was determined by solving the implicit relation Sheet ͑a) ( z , max ) ϭ200.0 (kPa). In order to assess the quality of the fit, we define the relative error measure
which turns out to be small for most of the data given in the last column of Table 1 . For experiments 82 and 82:1, the values of the relative error measure e are slightly increased, this being due to the constraint employed for the fiber angles.
As pointed out by, for example, Fung ͓33͔, Section 8.6.1, a least-squares procedure can lead to problems of non-uniqueness of material parameter sets, particularly when there are large numbers of material parameters. The mathematical properties of the constitutive model such as convexity ͑in the sense discussed in ͓3͔͒ are therefore of crucial importance in avoiding such undesirable features and other types of material instability problems. Whether or not the set of material parameters obtained is unique is dependent on a number of factors such as the way the energy functions depend on both the deformation and the material parameters, the number of parameters, the quality of the experimental data, the specific least-squares procedure used, and possibly the choice of starting values for the parameters. The properties of our energy function are such that, in conjunction with the standard nonlinear Levenberg-Marquardt algorithm, it leads to rapid convergence to the sets of parameter values obtained.
Model
Responses of the Thick-Walled Circular Cylindrical Tube. Based on the results of the process of material parameter identification, as presented in Section 3.2, we are now able to compare the performance of Fung's model with that of the multi-layer structural model discussed in the present work. For this reason we investigate the inflation and extension, and the Cauchy stress distribution through the deformed wall of a rabbit carotid arterial segment idealized as a circular cylindrical tube, which consists of one or two layers, as described in Section 3.1 ͑Model ͑a͒ or Model ͑b͒͒. For this study we use data from experiment number 71 listed in Table 1 and a reference plot, as docu- 2-8: material parameters c, b 1 , . . . ,b 6 for a carotid artery from a rabbit taken from †10 ‡, and associated with Sheet "a…, i.e., a thin "one-layer… sheet modelled with Fung's potential "9…, "10…; Columns 9-12: material parameters , k 1 , k 2 for the media M and the adventitia A associated with Sheet "b…, i.e., a thin "two-layer… sheet modelled with the strain-energy functions "12…, "13…; Column 13: angle between the collagen fibers and the circumferential direction with here treated as a phenomenological parameter; Column 14: relative error measure e as defined by Eq. "16….
Expt. no. Sheet ͑a͒-with Fung's model ͑9͒, ͑10͒
Sheet ͑b͒-with model ͑12͒, ͑13͒ Transactions of the ASME mented in Fig. 3͑b͒ of Chuong and Fung ͓10͔. Note that the experiment 71 seems to be the only one for which the geometry of the undeformed vessel and the 3-D stress distribution in the wall are documented. Figure 2 shows the predicted mechanical response of the considered artery, where, for simplicity, a membrane approximation was applied ͑with Hϭ0.39 (mm) and R m ϭ0.905 (mm)). Figure  2͑a͒ depicts the dependence of the internal pressure p i on the ͑current͒ inner diameter d i of the arterial wall for z ϭ1.0, 1.3, 1.6. The value 1.6 is the approximate axial in situ stretch for the carotid artery ͓11͔, while the values 1.0 and 1.3 were chosen to illustrate further the comparison. The dots represent the numerical results from Model ͑a͒, while the solid lines are the results calculated for Model ͑b͒. Figure 2͑b͒ , a result from a finite element analysis, depicts the dependence of the reduced axial force F z on the ͑current͒ inner diameter d i for the same values of z . Note that the reduced axial force F z is the force that is measured in a testing machine during inflation tests on arteries and accounts for the contribution of the pressure on the ends. For details of the numerical computation of these curves the reader is referred to ͓3͔. As can be seen from the plots the correlation of the model responses is satisfactory.
Note that Fung et al. ͓11͔ have predicted axial and circumferential strains at the physiological operating point for the considered rabbit carotid artery in the experiment 71, which lead to axial and circumferential stretches of approximately 1.7 and 1.4, respectively. The corresponding in situ axial stretch was approximately 1.6. It is worth noting that the situation for ͑aged͒ human arteries is very different. In a recent study ͓34͔, it was shown that the average axial and circumferential stretches were 1.20 and 1.06, respectively, at the physiological operating point ͑axial load 0.7 ͑N͒ and inflation pressure 13.3 ͑kPa͒͒. The average in situ axial stretch was found to be 1.07, and for one artery the axial in situ stretch was even less than 1.0, i.e., the artery was subject to axial compression. Figure 3 shows the distributions of the principal Cauchy stress components , zz and rr through the deformed wall thickness for an internal pressure of p i ϭ120 mmHg, with an axial stretch of z ϭ1.691, where rr denotes the radial Cauchy stress component. The stresses are plotted as functions of rϪr i , where r is the deformed radial coordinate and r i the deformed inner radius. Figure 3͑a͒ , which is the analogue of Fig. 3͑b͒ in ͓10͔ , corresponds to the single layer model, while ͑b͒ is for the two-layer model. The inner and outer radii in the undeformed configuration were taken from Chuong and Fung ͓10͔ to be R i ϭ0.71 (mm) and R o ϭ1.1 (mm), respectively. In order to compute r i we have taken the circumferential stretch at the inner boundary to be 1.9, which is estimated from Fig. 2 of ͓10͔ . The deformed radial coordinate is then given by the incompressibility condition, which may be written as rϭ͓(R 2 ϪR i 2 )/ z ϩr i 2 ͔ 1/2 , where R i рRрR o . These data refer to experiment 71 of Table 1 .
Whereas there is no essential difference in the global response, as shown in Fig. 2 , the through thickness behavior has some significant differences. Specifically, the circumferential stress on the inner boundary is larger for the Fung model and the corresponding axial stress very much larger. Figure 3͑b͒ demonstrates the relatively high values of the circumferential stress in the media compared with that in the adventitia, which was also found, for example, in ͓3͔, and references therein. It is also noticeable that there is a significant discontinuity in the axial stress across the interface, and a smaller discontinuity in the circumferential stress. This difference is possibly explained by the fact that the fibre orientation in the adventitia is closer to the axial than to the circumferential direction, and therefore the adventitial material is stiffer in its axial than in its circumferential response, in contrast to the medial material. The radial stress is continuous and much smaller than that of the tangential stresses, and is similar for the two models.
Criterion for Material Stability
Our objective here is to examine possible criteria for material stability. For this purpose, we continue to treat the arterial deformation as isochoric. As a starting point, we consider, for simplicity, stability in a basic boundary-value problem in which the boundary conditions correspond to dead-load with no body forces present. This highlights the need to distinguish between material stability and geometrical notions of stability associated with boundary conditions. First, we note that the material time derivative of the nominal stress tensor P gives
which is coupled with the linearized form Ḟ :F Ϫ1 ϭ0 of the incompressibility condition det Fϭ1. In ͑17͒, the tensor A is a ͑mixed͒ fourth-order tensor with components, denoted A AaBb , given by A AaBb ϭA BbAa ϭ‫ץ‬ 2 ⌿/‫ץ‬F aA ‫ץ‬F bB . It is known as the ͑first͒ elasticity tensor associated with the pair ͑P,F͒. With definition ͑17͒ 2 , it is straightforward to derive an expression for A. Thus, using ͑4͒ and ͑5͒ we obtain
with the definitions of the elasticity constitutive functions ab , as introduced in ͑14͒. Recalling ͑5͒ we note that in the second term in ͑18͒ 1 the tensor products are defined in index notation by
Now we assume that the deformation is known and is homogeneous ͑i.e., F is independent of position͒. Then, on use of ͑17͒ 1 and the propertyḞ Ϫ1 ϭϪF Ϫ1 Ḟ F Ϫ1 , the local stability inequality for an incompressible material may be cast in the simple form ͑see, for example, ͓14,35͔͒
for all Ḟ O, the zero second-order tensor, where again tr denotes the trace ͑of a second-order tensor͒. Note that, since Ḟ :F Ϫ1 ϭ0, the inequality ͑22͒ is independent of ṗ . Inequality ͑22͒ states that is locally stable with respect to suitably small disturbances from , and the associated strain energy is then a local minimum. If ͑22͒ holds in the configuration defined by then nontrivial solutions of the corresponding rate problem are excluded and is locally unique for the given dead-load tractions. Hence, ͑22͒ is referred to as the exclusion condition for the dead-load traction problem.
Next, we calculate ͑22͒ for the strain-energy function proposed in ͑2͒. By recalling ͑18͒ and by using the relation Ḟ ϭLF, where L is the spatial velocity gradient ͑in general a nonsymmetric secondorder tensor͒, we may cast the stability condition ͑22͒ in terms of spatial tensors. After a lengthy but straightforward manipulation we arrive at the representation tr͑Ṗ Ḟ ͒ϭ4 11 ͓tr͑ BD͔͒ 2 ϩ8 14 ͓tr͑ BD͔͓͒m•͑Dm͔͒
where DϭD T is the rate of deformation tensor, i.e., the symmetric part of L.
Note that the terms in ͑22͒, and hence in ͑23͒, depend on p, which is arbitrary subject to given boundary conditions. More- Table 1 : "a… for a single layer using Fung's strain-energy function "9…, "10… with zero shear strains "the analogue of Fig. 3 "b… in †10 ‡…; "b… is for the two-layer model using "12…, "13….
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Transactions of the ASME over, since p is not a property of the material obtainable from , ͑22͒ is inappropriate as a criterion of material stability. We therefore consider inequalities that do not involve p. One such example is the strong ellipticity condition, which is examined in the following section.
Strong Ellipticity Condition.
The strong ellipticity condition ͑see, for example, ͓36͔͒ is a mathematical restriction on the constitutive functions. It guarantees that the governing partial differential equations of equilibrium are elliptic in character, and hence, in particular, certain types of non-physical singularity, which could otherwise occur and lead to serious numerical problems, are absent. Another consequence of strong ellipticity is that it ensures that the speeds of infinitesimal plane waves propagating through the material are real. The strong ellipticity condition has been discussed recently for a class of constitutive models for biological soft tissue, which includes the Fung-type models, by Wilber and Walton ͓37͔. Specifically they show that strong ellipticity imposes very severe restrictions on the material constants in the classical Fung model. In fact, these restrictions are inconsistent with the ability of the model to fit the experimental data.
The strong ellipticity inequality is obtained by specializing ͑23͒ with L of the form
where u and v are unit vectors satisfying u"vϭ0 ͑since, by incompressibility, trLϭ0͒ but are otherwise arbitrary. The resulting inequality is tr͑Ṗ Ḟ ͒ϭ4 11 ͓u•͑ Bv͔͒ 2 ϩ8 14 ͓u•͑ Bv͔͒͑u"m͒͑v"m͒
and we note that the term in p has disappeared. In general, it is not easy to find necessary and sufficient conditions for ͑25͒ to hold. Even in the case of a general isotropic elastic material necessary and sufficient conditions are very complicated ͓36͔. For the plane strain specialization in the isotropic case, however, necessary and sufficient conditions are well known and relatively simple ͑see, for example, ͓38͔͒.
For the model ͑12͒ with the dependence on I 1 , I 4 , and I 6 decoupled, as in the example ͑13͒, the strong ellipticity inequality ͑25͒ reduces to
We now examine some aspects of this inequality. First, we consider the terms associated with I 4 . Since v"m may vanish, it is easy to see that the expression ͓2 44 (u"m) 2 ϩ 4 ͔(v"m) 2 is nonnegative if and only if 4 у0 and 4 ϩ2I 4 44 у0.
Note that, according to the ͑Cauchy͒ stress relation ͑7͒, the contribution of the 4 term to the Cauchy stress has a component 2I 4 4 in the deformed fibre direction m. Thus, it makes physical sense to take Strong ellipticity is therefore consistent with fibre extension, as was anticipated in Section 2.3. A similar statement is appropriate for the terms associated with I 6 . Note that ͑28͒ applies for the model ͑13͒ 2 provided k 1 Ͼ0. However, it is only relevant if I 4 Ͼ1, as discussed above. Then, 44 Ͼ0 if k 2 Ͼ0, which we have assumed and which is necessary for the required exponential growth in the stress-strain response. It is interesting to note that the strict form of ͑27͒ 2 implies that the nominal traction in the deformed fibre direction is monotonic increasing with the stretch in the fiber direction, as was shown by Merodio and Ogden ͓39͔ in the plane strain context. Next we consider the pair of terms 2 11 ͓u•(Bv)͔ 2 ϩ 1 ͓v
It can be shown that this combination is positive if 1 Ͼ0 and 1 ϩ2͑I 1 Ϫ3 ͒ 11 Ͼ0.
In plane strain these two inequalities are well known for an isotropic material ͑and are necessary and sufficient for strong ellipticity͒, as indicated above. However, in three dimensions it is non-trivial to establish the second of these. Necessary and sufficient conditions are given in ͓40͔ on the basis of specialization of the more general results given in ͓36͔. These are
where 1 , 2 , 3 are the principal stretches. It can be shown that ͑29͒, which are only sufficient conditions in three dimensions, imply the inequalities ͑30͒. Note that for the specific model ͑13͒ 1 the latter inequalities reduce simply to 1 ϭϾ0 since 11 ϭ0, which reinforces the assumption already made that Ͼ0. The inequalities discussed above are consistent with the observed behavior of arterial tissue insofar as models of type ͑13͒ have been used to fit available data. More data are needed in order to assess whether or not strong ellipticity should be considered as a prerequisite condition to be satisfied by realistic material models.
It is important to emphasize that the inequalities ͑27͒, together with their counterparts for I 6 , and ͑29͒ are sufficient for ͑26͒ but by no means necessary. In particular, ͑26͒ may hold when one of the inequalities in ͑27͒ is reversed, so that strong ellipticity could still hold if there is some compression in a fiber direction. However, as already discussed, the anisotropic terms are not active in fiber compression so that this consideration is not relevant for the model in question.
An Alternative Measure of Material Stability.
In the solid mechanics literature many possible measures of material stability ͑or constitutive inequalities͒ have been considered although there is no general agreement on what is the most appropriate for any given class of materials. Many of these measures take the form of an inequality such as tr͑⌺ ⌶ ͒Ͼ0, where ⌶ is the rate of some strain tensor ⌶ and ⌺ is the rate of the stress tensor ⌺ conjugate to ⌶ ͑see, for example, ͓41,42͔͒. For an incompressible material, however, most of these inequalities, like ͑22͒, depend on p. Exceptionally, this is not the case if the stress rate is a co-rotational rate such as the Jaumann-Zaremba or the GreenNaghdi rate of an appropriate stress tensor ͑see, for example, ͓15͔͒. Here, we consider one such example, namely the ͑objective͒ Jaumann-Zaremba rate of the Cauchy stress tensor, denoted , and the associated inequality tr͑ D͒Ͼ0.
The rate is defined by ϭ ϪWϩW, where WϭϪW T is the spin tensor, i.e., the antisymmetric part of L. In terms of the material time derivative of , we then have tr͑ D͒ϭtr͑ D͒ϩ2tr͑WD͒.
From the connection ϭFP and ͑17͒ we obtain
Now, since trDϭ0 for an incompressible material, and Ḟ ϭLF we may express tr͑ D͒ as
where FAF T is the updated version of the elasticity tensor A, i.e., the tensor with components defined by (FAF T ) abcd ϭF aA F aC A AbCd . It follows from ͑32͒ and ͑34͒, after some manipulations, that ͑31͒ gives tr͑ D͒ϭtr͓͑c:L͒L͔ϩ2tr͓͑ϩpI͒LD͔Ͼ0,
where c is defined in ͑47͒ in Appendix A together with its connection to A through Eq. ͑45͒. We emphasize that since, by ͑7͒, ϩpI depends only on the stress constitutive functions a and the kinematic variables d a the inequality ͑35͒ is independent of p.
Application to the Decoupled Model. We now specialize the above in respect of the constitutive equation ͑2͒. Specifically, if we consider I 1 , I 4 , and I 6 to be decoupled, as in the example ͑13͒, the inequality ͑35͒ reduces to
In the derivation of ͑36͒ we have used the spatial elasticity tensor c given in ͑44͒ in Appendix A, the Cauchy stress tensor ͑7͒, the constitutive functions ͑4͒ and ͑14͒, the kinematic tensors ͑8͒ and their symmetry together with that of D.
In general, necessary and sufficient conditions for ͑36͒ to hold are difficult to obtain even for this relatively simple model. We therefore consider separately the terms in I 1 , I 4 , and I 6 . First, it is easy to show that 44 
It is worth noting here that the first inequality in ͑37͒ is the same as the strict inequality ͑27͒ 1 , while, since it is applicable only for 44 Ͻ0 ͑see Appendix B͒, the second inequality is stronger than the strict inequality ͑27͒ 2 . One consequence, as in the case of strong ellipticity, is that fiber extension is consistent with stability. We note here that ͑27͒ 2 implies that the Cauchy traction in the deformed fibre direction is monotonic increasing with the fibre stretch. Similar comments apply for the I 6 -dependent terms. We emphasize again that the fibres are not active in compression.
Turning next to the terms in I 1 , we find that, under the same requirements on D, 11 ͓tr(BD)͔ 2 ϩ 1 tr(BD 2 )Ͼ0 if and only if 1 Ͼ0 and 1 ϩ͑I 1 Ϫ9I 2 Ϫ1 ͒ 11 Ͼ0.
We note that the inequality 1 ϩ(I 1 Ϫ3) 11 Ͼ0 is slightly stronger than ͑38͒ 2 , which is applicable only when 11 Ͻ0, and is also stronger than ͑29͒ 2 . As for the strong ellipticity inequalities, for the model ͑13͒ 1 we conclude that Ͼ0 and we note also that 11 ϭ0 and, provided k 1 and k 2 are positive, as assumed, 44 Ͼ0 and 66 Ͼ0, while 4 Ͼ0 for I 4 Ͼ1 and analogously for 6 .
Outline proofs of inequalities ͑37͒ and ͑38͒ are provided in Appendix B.
Summary and Discussion
In this paper we have examined the multi-layer structural model introduced by Holzapfel et al. ͓15͔ to capture the highly nonlinear and anisotropic elastic response of healthy arteries in the large strain domain. For this model we have fitted parameters to Cauchy stress/stretch relations obtained with the model of Fung-type ͓10͔, reflecting experimental data from rabbit carotid arteries, as documented in ͓11͔. The relative error measure e of the fit was small for most specimens. A representative example was used to analyze the mechanical response of a carotid artery idealized as a circular cylindrical tube with one layer associated with Fung's strainenergy function-identified as Model ͑a͒-and as a two-layer tube ͑representing the media and the adventitia͒ associated with strain energy ͑13͒-designated as Model ͑b͒. In a comparative study the dependencies of the internal pressure and the reduced axial force on the ͑current͒ inner diameter were computed for each model ͑Fig. 2͒. The correlation of the results was satisfactory. Nevertheless, as highlighted by Fig. 3 , the through-wall stress distributions calculated for the two models show some significant differences. This emphasizes that it is not sufficient to consider only mechanical test data from the global stress-strain response, but that it is also necessary to account for the material inhomogeneity inherent in the layered structure.
We now discuss briefly the 3-D model of Fung type ͓10͔ taken as a reference for our analyses. For the particular deformation considered it requires seven constitutive parameters (c,b 1 , . . . ,b 6 ). The seven-parameter version of the model does not allow shear deformations to be captured, and, unfortunately, is restricted to cylindrical symmetry. In addition, this model is based on a phenomenological approach, which is concerned mainly with fitting the constitutive equations to experimental data. It is difficult to interpret the physical meaning of these parameters. The model is not convex for all possible sets of material parameters ͓17͔, and restrictions on these parameters are therefore needed to ensure convexity and, therefore, to avoid material instabilities. Consequently, in particular, the material parameters b 1 , . . . ,b 6 should not be chosen arbitrarily. While for the 2-D version ͓11͔ of the model restrictions on the parameters can easily be provided ͓17͔, it is difficult in the 3-D case to identify appropriate restrictions on the values of b 1 , . . . ,b 6 . In the papers ͓11,10͔ no a priori restrictions on the material parameters are presented. Moreover, the model does not satisfy the strong ellipticity condition ͓37͔. It is worth noting, however, that the Fung-type models can be written in terms of invariants by using, for example, the expressions for the components of C in terms of the invariants given by Criscione et al. ͓16͔ in their Appendix A for the case of three orthonormal directions of material symmetry. The resulting expressions, however, are quite complicated.
Frequently, within numerical analyses, predicted ͑linearized͒ states of deformation are used, which might be far from the range of deformation for which the experimental tests were actually conducted. In general, this might lead to numerical problems within the solution procedure when the strain-energy function is not convex a priori. This can arise for the Fung-type model, which suggests that it cannot in general be used reliably in computational mechanics. However, it is worth noting that the Fung-type model does predict qualitatively reasonable response for restricted geometry and loadings, and it has contributed to our current level of understanding of arterial wall mechanics.
For the remainder of this section we discuss the multi-layer structural model for healthy elastic arteries and compare its features with those of the Fung-type model. The model takes account of the architecture of the arterial wall. Each layer is considered to be composed of a noncollagenous matrix, and two families of collagen fibres helically wound along the arterial axis and symmetrically disposed with respect to the axis ͑but with different orientations in the two layers͒. The matrix of each layer is treated as an isotropic ͑neo-Hookean͒ material with one material constant Ͼ0. The collagen fibres are those components of arterial walls that render the material properties anisotropic. The anisotropic contribution to the strain energy is modelled using a pair of preferred directions identified in the reference configuration and from which structure tensors characterizing the anisotropy are formed. The fiber directions in an arterial layer are described by two material constants k 1 Ͼ0 and k 2 Ͼ0. This enables the model to use an approach which is based on the theory of invariants ͓12͔.
The model is structural in the sense that it is partly based on the underlying histology, and the mechanical response of each layer may be modelled separately, with information about the orientations of the collagen fibres incorporated. The material parameters, although phenomenologically based, then reflect the structural characteristics within each layer. The two-layer arterial model uses five material parameters ͑assuming that M / A ϭ10), while the Fung-type model discussed uses seven constitutive parameters for a single layer ͑and would require 14 for two layers͒. Note that for our model the number of material parameters required will not increase when a general 3-D state of deformation also incorporating shear deformation is considered. In addition, it uses two geometrical parameters, namely the fibre angles, which have to be determined from a histological investigation, or, if not available, they have to be treated as phenomenological parameters, as has been done in this study. It is important to note that, since we have used the material parameters obtained by Chuong and Fung ͓10͔, the calculated fibre angles obtained are necessarily dependent on the protocol employed ͑Table 1͒. However, since the present purpose was to compare the two models this is not problematic. More generally, in order to avoid this drawback the determination of material parameters must be based on sets of experimental data that lead to parameters for a particular artery that are independent of the loading protocol used. Hence, while the structural model fits the data of Chuong and Fung ͓10͔ well, the results must be interpreted with caution since the parameters obtained here depend on the loading protocol, and, moreover, the thicknesses of the two arterial layers and the associated fiber angles were not part of the original data. Forthcoming papers will make use of fitted parameters that are based on experimental data produced in the authors' laboratory independently of the protocol.
In contrast to the Fung-type model, the structural model is also applicable for arbitrary geometries, and hence can be used in the solution of complex boundary-value problems with clinical relevance. Our model is also able to capture residual stresses, as discussed in detail in ͓3͔. Here, however, the load-free configuration has been assumed to be unstressed so that comparisons with the results documented in ͓11,10͔ can be made, since residual stretches are not modelled in these works.
The wavy structure of collagen fibres suggests that it is appropriate to consider them as active only in extension, not in compression, i.e., they do not support compressive stresses. Hence, in the structural model the anisotropic terms in ⌿ contribute only when the fibres are extended. This physical restriction imposes the conditions I 4 у1 and I 6 у1 on the anisotropic invariants and ensures that convexity is guaranteed a priori by the form of ⌿ given by ͑13͒ for an arbitrary set of ͑positive͒ material parameters, as discussed in ͓3͔, which is not the case for the strain-energy function ͑9͒ and ͑10͒. These physically motivated requirements are reinforced by the discussion in Section 4.1, which shows that fibre extension is consistent with the condition of strong ellipticity. Furthermore, an alternative mathematical criterion of material stability proposed in Section 4.2 leads to a similar conclusion. In the context of arterial tissue mechanics such important considerations of material stability have received very little attention in the literature. The numerical implementation of this model within the finite element method has been discussed in detail in reference ͓24͔. An extension of the model that is general enough to describe the finite inelastic domain is already documented in the works ͓17,25͔, which focus also on the implementation of the model in a finite element program.
We note that the model is restricted to the treatment of passive response and does not allow for activation such as contraction associated with biochemical energy supply, which is controlled by biological factors. Moreover, it does not consider biological processes such as growth, remodelling, adaptation and repair, or acute or long-term changes in geometry or the mechanical response of the tissue due to, for example, drugs, aging, and/or disease. The inclusion of these important aspects is a future objective.
